Sources of photon pairs based on the spontaneous parametric down conversion process are commonly used for long distance quantum communication. The key feature for improving the range of transmission is engineering their spectral properties. Following two experimental papers [Opt. Lett., 38, 697 (2013)] and [Opt. Lett., 39, 1481Lett., 39, (2014] we analytically and numerically analyze the characteristics of a source. It is based on a β barium borate (BBO) crystal cut for type II phase matching at the degenerated frequencies 755 nm → 1550 nm + 1550 nm. Our analysis shows a way for full control of spectral correlation within a fiber-coupled photon pair simultaneously with optimal brightness. © 2015 Optical Society of America OCIS codes: 190.4410,300.6190,270.4180,270.5565 Sources of polarization entangled photon pairs based on the process of spontaneous parametric down conversion (SPDC) [1] [2] [3] [4] [5] [6] [7] [8] are now commonly used in various experiments such as those testing fundamentals quantum mechanics, for quantum communication protocols or quantum information processing. Each application defines a set of specific requirements for the characteristics of photons for the best performance. For example, for a heralded qubit encoded in a polarization state any correlation in any other degree of freedom, within a photon pair, will reduce the purity of the resulting state. Therefore there is a need to engineer characteristics of a source to produce uncorrelated pairs [9] [10] [11] . In turn, the polarization entanglement is a basic block of quantum communication [12, 13] and quantum metrology [14, 15] . The photons are transmitted through optical systems and single-mode fibers (SMF). Optical elements are dispersive and cause unwanted modification of the photons' temporal characteristics. The deteriorating dispersion effects can be reduced by using photon pairs that are spectrally narrow and feature appropriate spectral correlations [16] [17] [18] .
Sources of polarization entangled photon pairs based on the process of spontaneous parametric down conversion (SPDC) [1] [2] [3] [4] [5] [6] [7] [8] are now commonly used in various experiments such as those testing fundamentals quantum mechanics, for quantum communication protocols or quantum information processing. Each application defines a set of specific requirements for the characteristics of photons for the best performance. For example, for a heralded qubit encoded in a polarization state any correlation in any other degree of freedom, within a photon pair, will reduce the purity of the resulting state. Therefore there is a need to engineer characteristics of a source to produce uncorrelated pairs [9] [10] [11] . In turn, the polarization entanglement is a basic block of quantum communication [12, 13] and quantum metrology [14, 15] . The photons are transmitted through optical systems and single-mode fibers (SMF). Optical elements are dispersive and cause unwanted modification of the photons' temporal characteristics. The deteriorating dispersion effects can be reduced by using photon pairs that are spectrally narrow and feature appropriate spectral correlations [16] [17] [18] .
The spectra of SMF coupled photon pairs generated in SPDC process can be negatively [19, 20] , positively [16] [17] [18] [21] [22] [23] or not correlated at all [24] [25] [26] . The effect of negative correlation originates from the energy conservation relation and is a consequence of pumping by a continuous wave (CW) laser. Uncorrelated spectra can be achieved in a nonlinear crystal by using a pulsed laser pump with careful setup parameter choice or by using narrow spectral filters. However, for positive correlation, an additional requirement of group velocity matching needs to be fulfilled [21] .
Here we perform numerical analysis of the SPDC photon pair source experimentally analyzed in Refs [17, 18] , which is schematically depicted in Fig. 1 . We discuss trade-offs between the correlation parameter, pair production rate and SMF coupling efficiency, which are figures of merit allowing to estimate source's suitability for A single photon source is based on a β-barium borate (BBO) nonlinear crystal of thickness L cut for type II phase matching at frequencies 755 nm → 1550 nm + 1550 nm and half cone opening angle 3 deg. A pump pulse of τ p duration is centered around 775 nm and its transverse spatial mode is assumed to be a Gaussian function with a characteristic diameter 2w p . The photon pairs are coupled into single mode fibers (SMF), which together with coupling stages (C1,C2) define a collected transverse spatial modes, which are assumed to be a Gaussian functions of diameters 2w f . a given application. In the setup a femtosecond laser pulses centered at 775 nm are used to pump a BBO crystal, which optical axis orientation is set at 29.68 degree allowing type II phase matching at degenerate frequencies 1550 nm. The two created photons propagating at an 3 degree angle with respect to pump beam propagation direction are coupled into SMFs.
Firstly, the goal is to derive a simplified compact analytical formula for characteristics of our source. Following the mathematical model presented in Ref. [10, 27] we use an effective phase matching function (EPMF) Θ(ω s , ω i ) in order to fully describe joint effect of the pump beam spatial profile A spat p (k k k ⊥ ), the crystal's phase matching sinc(∆k z L/2) and the collected modes' pro-
. Here ∆k z = k pz − k sz − k iz stands for a phase mismatch of pump and resulting photons. Then a state of a photon pair propagating in single mode fibers can be conveniently expressed as a product of a pump pulse spectral mode
Within this definition the pulse duration τ p is related to value at full width half maximum (FWHM) by τ p = τ FWHM p / 8 log(2). In order to get a simplified expression for the biphoton wave function Ψ(ω s , ω i ) we approximate pump and SMF's modes using Gaussian functions
The characteristic transverse mode diameters 2w p and 2w f are measured at 13.5% of intensity maximum. Next, the phase mismatch can be expanded up to first order in Tylor series in angular and spatial frequencies [10, 28] :
For our particular setting the magnitudes of respective coefficients are numerically equal within a good approximation therefore we introduce the following simplifying assumption:
This together with the approximation for the sinc function [10] sinc(x) ≈ exp(−x 2 /5) allows us to derive a simplified analytical formula for EPMF and consequently for the biphoton, which is again in a Gaussian form:
(1) with a characteristic width given by:
where N stands for a scaling factor. Note that the wave function within this approximation is real. In the following part we juxtapose the approximate analytical model and precise numerical simulation results in order to discuss conditions for optimal performance of a source. When a nonlinear crystal is pumped with a CW laser, the negative correlation of signal and idler photons' frequencies originates in energy conservation relation. For pulsed pumping, the setup parameters can facilitate not only negative but also positive or no correlations. This, seemingly, energy conservation relation breaking, is a result of a pump pulse spectral width and characteristics of down conversion process.
In Fig. 2 we present how positive and negative correlation can be achieved. Orientation of the biphoton wave function depends on phase matching condition and pump spectral amplitude. For photons with the same energy, EPMF is a function which maximum is approximately oriented in antidiagonal direction in frequency space as depicted in Fig. 2(a) . A pump's orientation is in the diagonal direction, which is depicted by the green line and two green dashed lines representing pulse characteristic spectral width 1/τ p . The biphoton wave function is a product of those two [28] as seen in Fig. 2(b) .
We quantify the spectral correlation using the Pearson coefficient, r, and taking the probability distribution based on the biphoton wave function Eq. (1):
We observe that a correlation is negative (positive) if the quantity σ + τ p is > 1 (< 1). There is no correlation for σ + τ p = 1. The type depends on the relative widths of EPMF, σ + , and pulse spectral amplitude, 1/τ p . If the width of EPMF is larger (smaller) compared to pump's as in Fig. 2(a) (Fig. 2(c) ) the resulting biphoton spectral state is negatively (positively) correlated as in Fig. 2 (b) (Fig. 2(d) ). If both widths are equal, photons feature no correlation at all. Our analytical model shows that correlation parameter r, introduced in Eq. (3) when combined with the definition Eq. (2), is a function of the pump pulse duration τ p , the length of the crystal L and collected mode width w f only. It does not depend on the pump spatial mode width w p . Let us analyze the condition for spec-
It splits the space of setup parameters into regions of positive and negative correlation. The formula shows that the thinner the crystal or the narrower collected mode profile, the shorter pulse is required for spectrally uncorrelated photons. This observation also agrees with our numerical simulation results shown in Fig. 3 . We consider three exemplary settings involving two crystals thicknesses L = 7.5 mm and 2.5 mm and two pules durations τ FWHM p = 150 fs, 50 fs. The correlation parameter, r is depicted using contours, which are almost parallel to w p axis for broad range of spatial mode profiles parameters.
It is favorable for some applications when the SMF coupled photon pair exhibits significant positive spectral correlation. In order to achieve that, EPMF width σ + has to be small. One way of doing that is by using thick crystals as shown in Fig. 2(b,d) . The analytical approximation Eq. (2) shows a dependence on collected mode width 2w f and crystal thickness L. In the limit of long crystals or large SMF collected mode profile, the EPMF's width σ + is always finite. Therefore there is a broad range of experimentally available parameters, where σ + is optimal for positive spectral correlation. It can be seen in Fig. 3(a) that typical pulse duration of 150 fs and thick crystal 7.5mm allows for positive correlation as high as r ≈ 0.3 are possible. We observe that using longer crystals L > 7.5 mm with all other parameters fixed does not increase much the value of correlation parameter. On the other hand applying shorter pulse duration of 50 fs allows one to get r ≈ 0.8 (0.2) for L = 7.5 mm (2.5mm) , see Fig. 3(b,c) . The use of shorter crystal is also beneficial in terms of SMF coupling efficiency, which we will analyze later. However it limits the magnitude of spectral correlation.
As a side note, we point out that the spectra of signal and idler photons depend on a pules duration τ p as well as EPMF's width σ + . The widths, which are approximately equal to each other, can be derived based on Eq. (1) as
It is easy to see that conditions favorable for positive spectral correlation make the photons spectrally narrower for fixed pulse duration. Now we move on to an analysis of spectral correlation in conjunction with other source's characteristics, which define its usefulnesses for certain applications. Those are: a SMF coupled pair production rate R c and a SMF coupling efficiency η = R c / √ R s R i , where R s and R i are signal and idler photon production rates, respectively. We numerically analyze [10, 27] how those source characteristics depend on spatial mode widths of the pump w p and collected mode w f . Fig. 3 shows our numerical simulation results: surface illustrates efficiency η dependence, black contours on the top of the efficiency surface Fig. 3 . The SMF coupling efficiency η (surface plot), SMF coupled pair production rate R c (color scaling) and correlation parameter r (contours) as a function of pump 2w p and collected 2w f spatial mode diameters. depict a correlation r and color scaling is for a SMF pair production rate log(R c ) .
The SMF coupled pair production rate R c depends on spatial modes of the pump w p and collected modes w f . It increases very quickly with decreasing spatial mode widths, see red region in Fig. 3(a,b,c) for small w f and w p . However it is almost flat for a broad range of pump and collected mode widths (yellow region). We also observe it changes slowly with increasing crystal thickness L. This can be understood as a result of two competing effects: the longer the crystal, the higher the probability to convert a pump photon into a pair, but on the other hand, the stronger the phase matching requirement limiting the spectral range of photons.
Next, the SMF coupling efficiency, η, strongly depends on geometrical parameters, but exhibits weak dependence on spectral width of the pump 1/τ p . The results of our numerical simulations suggest that the highest coupling can be achieved when spatial modes of the pump and collected photons are both large and approximately the same. For L = 7.5 mm (2.5 mm) and spatial modes diameters 2w p = 500µm 2w f = 500µm (340µm) it reaches η ≈ 0.6 (0.76) as can be seen in Fig. 3(a,c) . We observe that the coupling efficiency, η, decreases when crystal thickness L gets bigger. This can be attributed to a transverse walk-off effect in birefringent type II crystal.
One can use Fig. 3 as a recipe for a source, which generates pairs of a given correlation parameter r. Let us assume that the crystal thickness and pulse duration are fixed. The collected mode spatial profile is determined by a chosen correlation parameter. Next the optimal spatial pump mode can be chosen in order to achieve the best possible coupling efficiency or the SMF coupled pair production rate, R c . Note also that R c does change slowly in a wide range of spatial mode widths w p and w f , which is in favor of the described optimization method.
Summarizing, we discussed optimal settings for a source capable of generating photon pairs in telecom range featuring any kind of spectral correlation. For a given crystal thickness it is possible to control the spectral correlation by adjusting the pump pulse or collected modes characteristics. The correlation was analyzed together with the SMF coupled pair production rate and coupling efficiency. Our numerical simulations showed that there is an asymptotic limit for the length of the crystal yielding maximal pair production rate. We also presented a recipe allowing one to simply choose optimal source parameters for a given correlation parameter and optimal both SMF coupled pair production rate and SMF coupling efficiency. In particular, the analyzed source can generate pairs featuring positive correlation. In addition to that the spectra of each individual photons got narrower with increasing positive correlation value for a fixed pulse duration. These two facts make it useful in applications where dispersion effects matter such as long distance fiber based quantum communication.
